Laws of thought

Law of identity: Whatever is, is.
Law of contradiction: Nothing can both be and not be.

Law of excluded middle: Everything must either be or not be.

Primitive ideas

Elementary proposition (p, q, 1, s)

Elementary propositional function

Assertion of elementary proposition (F)
Assertion of elementary propositional function
Negation (~p)

Disjunction (p V q)

Composing propositions

E.g.:

~~p

~pVq

pVvV~q

~pV ~q
~(pVva)
~(~pVvaq)
~(pV~q)
~(~pV~q)
rv(pva)
(pvaQVvr
~(pvaqvr
(pva)Vv(pvn)
~((pva)Vvr)
~(~(pVvaVvr)



~((Ppva)Vv(pVvn)

... etc.

Substituting

E.g.:

pvqlp=~plis~pVq

pvalg=pVr]ispv(pVr)
pvalp=pVvaqg:=pVvrlis(pvaVv(pVvr)
(pva)v(pvn[p=~qq=pVr]is(~qv(pVvr)Vv(~qvr)

... etc.

Definition of implication

*1.01 p — qis an abbreviation for ~p V q

E.g.:

(pV p) — pisan abbreviation for~(pVvp)Vp

~((p = q) = r) is an abbreviation for ~(~(~pVv q) Vr)

... etc.

Primitive propositions

*1.1  Anything implied by a true elementary proposition is true. (Rule of inference)

*1.2  F(pVp)— p (Principle of tautology)

*1.3  +Fgq—- (pVQq) (Principle of addition)

*1.4  F(pVvq)—(qVp) (Principle of permutation)

*1.5 F(pVv(qVvr))—=(qV(pVr)) (Associative principle)

*16 F(g-=nr)—=((pVvQqg)—(pVr)) (Principle of summation)

*1.7  Negation of an elementary proposition is an elementary proposition.

*1.71 Disjunction of two elementary propositions is an elementary proposition.

*1.72 In adisjunction of two elementary propositional functions containing the same variables we

can identify these variables.



Deduced propositions

*2.01 F (p = ~p) — ~p (Principle of the reductio ad absurdum)

Proof:
*1.2[p=~p] F(~pV~p)>~p
(1), *1.01 F(p—~p)—>~p

*2.02 + q— (p — q) (Principle of simplification)

Proof:
*1.3 [p = ~p] Fq—-(~pVQ)
(1), *1.01 Fq—->(p—q)

*2.03 F (p = ~q) = (q = ~p) (Principle of transposition)

Proof:
*L4[p=~p,q:=~q] F(~pV~q)=>(~qV~p)
(1), *1.01 t(p—>~a) > (q->~p)

*¥2.04+F(p—=>(q—r)) = (q- (p—r)) (Commutative principle)

Proof:
*15[p=~p,q:=~q] F(~pV(~qVr)->(~qV(~pVr))
(1), *1.01 Fp>@—->n)—->(@->(p-r)

*¥2.05F(g—=r)=((p—=9) = (p—r)) (Principle of the syllogism)

Proof:
*16[p=~p] F@->1N->((~pVg —>(~pVr)
(1), *1.01 HCEHEI(CELIEA(EAI))

*¥2.06 F(p—q) = ((g—=r1)—= (p—r)) (Principle of the syllogism)
Proof:
*204[p:=q—=r,q:=p—=>q,r=p-r]
A(CRdd Rl (Chad) Il (:ad9)))
=~ ((p~a)~>{(g=>r—>(p—n))
*2.05 F@-=>nN-=>{p=>a—=>(pP—")
(1), (2), *1.1 Fp=a)—=>a—=>nN—=>(p—")
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*2.07

*2.08

*2.1

*2.11

*2.12

*2.13

Fp—(pVp)
Proof:

*1.3 [q:=p] Fp—->(pVp)

F p = p (Principle of identity)

Proof:

*2.05[q:==pVp,r=p]
F((pvp)=p)=>((p=>(VP)—=(P—p)

*1.2 F(pvp)—p

(1), (2), *11 F(p—>(Vp)->(FP-p)
*2.07 Fp—=>(pVp)

(3),(4), *1.1 Fp—p

F ~p V p (Law of excluded middle)
Proof:
*2.08, ¥1.01 F~pVp

F pV ~p (Law of excluded middle)

Proof:

*14[p==~p,q:=p] F(~pVp)=>(pV~p)
*2.1 F~pVp

(1), (2), *1.1 FpV~p

F p = ~~p (Principle of double negation)

Proof:

*211[p=~p] F~pV~~p
(1), *1.01 Fp—~~p
FpV~~~p

Proof:
*1.6[q:=~p,r:=~~~p]

F(~p—=~~~p) > ((pV~p)—=>(PV~~~p))
*212[p=~p] F~p—o>~~~p

(1)
(2)
(3)
(4)

(1)
(2)

(1)

(1)
(2)



(1), (2), *11 F(pV~p)—=>(pV~~~p)
*2.11 FpV~p
(3),(4), *1.1 FpV~~~p

*2.14 + ~~p — p (Principle of double negation)

Proof:

*1.4[q:=~~~p] F (pV~~~p) = (~~~pVp)
*2.13 FpV~~~p

(1), (2), *1.1 F~~~pVp

(3), *1.01 F~~p—p

*2.15 + (~p = q) = (~q — p) (Principle of transposition)
*2.16 + (p = q) = (~q = ~p) (Principle of transposition)
*2.17 + (~q = ~p) = (p = q) (Principle of transposition)

*22 Fp-=>(pVva)
Proof:
*13[p=aq,q9=p] Fp—=>(qQVp)
*14[p=aq,q=p] *r@Vp)=>(pVva)
*¥2.06[q:=qVpr=pvq]
Fp=(@vp)—=>@@vp)=>(pVa)-=>(p—->(PVa))
(1), (3), *1.11 F({@Qvp)=>(pVva)=>(pP—=>(pPVa)
(2), (4), *1.11 Fp—>(pVaq)

We will use an abbreviated form of this proof:
*1.3[p=q,9:=p] *+rp—-(qVp)
*14[p=q,9=p] *+r@VpPp)—(PVQ
(1), (2), *2.06 Fp—>(pVQ)

*221F~p—>(p—=1Q)

Proof:
*2.2 [p=~p] F~p—>(~pVaQ)
(1), *1.01 F~p—->(p—Qq)

(3)
(4)

(1)
(2)
(3)

(1)
(2)

(4)

(1)
(2)



*23 F(pv(qvn)) - (pVv(rvQq)

Proof:

*14[p:=q,q:=r] F(Qvr—(rva)

*16[q=qvrr=rvqg] F((@QvnN-=>0Vva)-=>pVv@Vvn)—=(pV(Vva))
(1), (2), *1.11 F(pv(@Vvn)—=>(pVv(rva)

*231F(V(@Vn))->((pVvaVr)

Proof:

*2.3 Fpv(@QVvn)—=>(pV(rva)
*15[q=rr=q] Fpv(rva)->(Vv(pVva)
(1), (2), *2.05 Fpv(@QVvn)->(Vv(pVva)
*14[p=r,q:==pva] F(V(pVva)->WpVvaVr)
(3), (4), *2.05 Fpv(@QVvn)—=>((pvaVr)

We will use an abbreviated form of this proof:
*2.3 Fpv(@vn)—-(pVv(rva))
*1.5[q=r,r:=q] F.=>(0Vv((pVvQa)
*1L4[p:=rq:=pVvq] F..=>((pvaVr)

*232-((pv@ VN —=>(pVv(qQVn)
Proof:
*La[p=pvagq=r]  F({(PVYVN-=>(V(pVa)
*15[p=r,q=p,r==q] F..=»>(pVv(rvq))
*23[q=rr=q] F.=>(Vv(Vr))

*2.38+F(@—=>r)—=>((qvp)=>(rvp))
Proof:
*206[p:=qVpq:=pVqgr=pVvr]
F((QVvp)=(pVa))
= (((pva)=>(pVvr)—->Wavp)=>(pVnN))
*14[p=q,q=p] +(@QVp)=>(pVa)
(1), (2), *¥1.11 F((pva)=>(pVvr)—=>Wavp)=>(pVn)
*205[p:==qVp,q:=pVrr:==rvp]
F({(pvr)—=(rvp))

(1)
(2)

(1)
(2)
(3)
(4)

(1)
(2)

(1)
(2)

(1)
(2)
(3)



> (((qvp)=>(Vvn)->({qVvp)—(rvp)))

*1.4[q:=r] F(pvr) = (rvp)

(4), (5), *1.11 F(@QVvp)=>(Vvr)->Wqvp)—(rvp))
(3), (6), *2.06 F((pva)=>(Vvr)-=>~Wqvp)=>(rvp))
*1.6 F@=n-=>{pVva—>(pVvn)

(7), (8), *2.05 F(@=r-=>qVvp)=>(rvp)

*253 F(pVvQ) > (~p—0Q)

Proof:
*2.12 Fp—~~p
*2.38[p=gq,q:=p,r=~~p]

F(p—->~~p) > ((pVvVa)—(~~pVQq))
(1), (2), *1.11 F(pVva) - (~~pVaQq)
(3), *1.01 F(pvr)—>(~p—-0q)

Definition of conjunction

*3.01 p Aqisan abbreviation for ~(~p V ~q)

E.g.:

p A ~q is an abbreviation for ~(~p V ~~q)

(p A Q) = (g A p) is an abbreviation for ~~(~pV ~q) V ~(~qV ~p)

... etc.

Deduced propositions

*3.1 F(pAQ) > ~(~pV~q)

Proof:
*2.08 [p=~(~pV~qQ)] F~(~pV~q)—>~(~pV~Qq)
(1), *3.01 F(pAQ) > ~(~pV~Qq)

We will use an abbreviated form of this proof:

*2.08 [p:==~(~pV~q)],*3.01 +(pAq)—>~(~pV~q)

(4)
(5)
(6)
(7)
(8)

(2)
(3)



*3.11 F~(~pV~q)~>(pPAQ)

Proof:
*2.08 [p=~(~pV~q)],*3.01 F~(~pV~q)—=>(pAQ)

*312 F~pV(~qV(pAQ))

*3.13

Proof:

*2.11[p:=~pV ~q], *3.01 F(~pV~q)V(pAQ) (1)
*232[p=~p,q=~q,r=pAq] F((~pV~q)V(PAQ)=>(~pV(~qV(pAQ))) (2)
(1), (2), *¥1.11 F~pV(~qV(pAQ))

F~(pAQg)—(~pV~q)

Proof:

*3.11 F~(~pV~q)—=>(pAQ) (1)
*215[p=~pV~q,q:=pAq] F(~(~pV~q) = (PAQ) > (~(pAQq) = (~pV~0q))(2)
(1), (2), *1.11 F~(pAQ)—(~pV~q)

We will use an abbreviated form of this proof:

*3.11 F~(~pV~q) > (PAQ) (1)
(1), *2.15 F~(pAQ)—> (~pV~Qq)

*3.14 - (~pV~q)—> ~(pAQ)

*3.2

Proof:

*3.1 F(pAQ) > ~(~pV~0q) @
(1), *2.03 F(~pV~q)—>~(pAQq)

Fp=>(@—=>(pAQ)

Proof:

*3.12, *1.01 Fp—=(q—->(pAQ))

*3.22 + (p A q) — (q A p) (Commutative law for logical multiplication)

Proof:

*3.13[p==q,9:=p] F~(@QApP)—->(~qV~p) (1)



*14[p=~q,q=~p] F..o(~pV~0q)
*3.14 F..—>~(pAQ)

(3), *2.17 F(PAQ)—>(qQAP)

*3.24 + ~(p A ~p) (Law of contradiction)

Proof:

*211[p:==~p] F~pV~~p
*3.14[q:=~p] F(~pV~~p)—=>~(pA~p)
(1),(2),*1.11 F~(pA~p)

*3.26 + (p A q) = p (Principle of simplification)

Proof:
*2.02 [p=gq,q:=p], *1.01 F~pV(~qVp)
*231[p=~p,q:=~q,r==p] F(~pV(~qVp))->((~pV~q)Vp)

(1), (2), *¥1.11 F(~pV~q)Vp
*253[p=~pV~q,q:=p] F((~pV~q)VPp)=>(~(~pV~q) —Dp)
(3), (4), *1.11 F~(~pV~q)—p

(5), *3.01 F(pAQ)—p

*3.27 + (p A q) = q (Principle of simplification)

*3.3

Proof:

*3.22 F(pAQ) - (QAP)
*3.26[p:=q,q:=p] F..—q

F((pAqg)—=r)—=(p— (g—=r)) (Principle of exportation)

Proof:

*2.08 [p==(pAQq)—r], *3.01 F((pAQ) =)= (~(~pV~q)—Tr)
*2.15[p=~pV~q,q:=1] oo (1> (~pV~9)

*2.08 [p=~r—-(~pV~q)], *1.01 Fo.=>(~r->(p->~q)

*2.04 [p=~r,q:=p,r:=~q] Fo.=2(p—=(~r=>~q)

¥217 [p=1] F(~r>~q)—>(q—-r)
¥2.05[q=~r—>~q,r:=q-r] F((~r=>~q)—>(q—r))

> ((p2(~r>~q)->(p—>(@—n))

(2)
(3)

(1)
(2)

(1)

(1)
(2)
(3)
(4)
(5)

(6)



(5), (6), *1.11 Fp=>(~r->~q)—->(P->(0Q-r)
(4), (7), *2.06 F((pAQ)—»r)—>(p—->(q—1))

*331F(p—=(q—r1)) = ((pAQq)—r) (Principle of importation)

Proof:

*2.08 [p:=p—(q—r)], *1.01 F(p=>(@=>n)=>(~pV(~qVn)
*2.31[p=~p, q = ~q] Fo.=((~pV~q)Vvr)
*2.53[p=~pV~q,q:=r] Fo.=(~(~pV~q)—r1)

*¥208 [p=~(~pV~q)—>r],*3.01 F..=((pAQ)—T)

*3.33F((p—=q) A(gq—=r1)) = (p—r) (Principle of the syllogism)
*¥3.34 F((q=r)A(p—Qq)) = (p—r) (Principle of the syllogism)
*3.35 +F (p A (p = q)) — q (Principle of assertion)

¥3.43F((p=>q) A(p—r1))— (p—(qAT)) (Principle of composition)
*3.45 F (p—q) = ((pAr) = (q AT)) (Principle of the factor)

*3.47 (P> A@=95) > ((PAQ) = (rAs))

Definition of equivalence

*4.01 p < qis an abbreviation for (p = q) A (q = p)

E.g.:

(pA Q) < (gAp)is an abbreviation for

((pAQ) = (@AP)AGAP) = (PAQ))

orfor(~(pAQ)V(qAP)) A(~(qAP)V(PAQ))

orfor ~(~(~(PAq)V(qAP)) V~(~(@Ap)V(pAQ)))

or for ~(~(~~(~pV ~q) V~(~qV ~p)) V~(~~(~qV ~p) V~(~pV ~0q)))

... etc.

Deduced propositions

*4.1 +(p—q) < (~q— ~p) (Principle of transposition)
*411 + (p & q) © (~p © ~q) (Principle of transposition)

*4.13 + p & ~~p (Principle of double negation)

10
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*4.2 + p < p(Principle of identity)

421+ (peg)e(qep)

M2 F(pegA@en)-(pern)

*424 Fpeo (pAp)
*A25kpe (pVp)
*43 F(pAQ) < (QAp)
*431F(pVag e (@QVp)

*432 F((pAQ)AT) © (pPA(QAT))
*433 F((pva Ve (pv(qVvn)
*44 F(pA@V)e((PAQV(PAT))
41 (pV (@A) e ((pVaA(pVD)

Deductions with *1.7

*2.01+(p—> ~p) > ~p
Proof:
*1.2
*1.7
(2), *1.71,*1.72
(3), *1.7
(2), (4), *1.71,*1.72
(5), *1.01
(6), (1) [p = ~p]
(7), *1.01

... etc.

F(pVp)—=p

~p is an elementary propositional function

~p V ~p is an elementary propositional function

~(~p V ~p) is an elementary propositional function
~(~pV ~p) V ~pis an elementary propositional function
(~pV ~p) = ~p is an elementary propositional function
F(~pV~p)—>~p

F(p—~p)—>~p

Primitive ideas — second step

Proposition (p, g, , )

Propositional function (¢, U, ... with variables @x, @xy)

Assertion of proposition (F)

Assertion of propositional function

11
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Negation (~p)
Disjunction (p V q)
Universal quantifier (¥x ¢x)

Individual

Composing propositions — second step

E.g.:

~VX X

VX ~@X

~@y V VX @x

VX (x V Px)

VX (oxVp)

VX ~Vy @xy

VX (@x V Px) V ~VX (px V ~x)
~(¥x (px V Px) V ~Vx pXx)

... etc.

Substituting — second step

E.g.:

VX ~@x [@X = Pxy V @x] is VX ~(Pxy V @x)

~@Yy V VX X [@x =YXy V @x] is ~(Pyy V @y) V VX (Yxy V @X)
~@y V VX @X [@x = Yzx V @z] is ~(Pzy V @z) V VX (bzx V @z)
~@y V VX @X [y == p]is ~@p V VX @x

~@Y V VX X [@x =X, y = X] is ~Px V VX X

... etc.

Previous definitions — second step

Definitions of implication, conjunction, equivalence for non-elementary propositions

12



Definition of existential quantifier

*10.01 3x @x is an abbreviation for ~¥x ~@x

E.g.:

3Ax ~@X is an abbreviation for ~Vx ~~@x

~3x X is an abbreviation for ~~V¥x ~@x

~3x ~X is an abbreviation for ~~V¥x ~~@x

Vx3y Pxy is an abbreviation for Vx~Vy ~{ixy

Vx (Ay Yxy V ~3y Pxy) is an abbreviation for ¥x (~Vy ~ixy V ~~Vy ~ixy)

... etc.

Definition of being of the same type

*9.131 That two expressions are of the same type is an abbreviation for:

both are individuals

both are elementary propositions containing one individual

both are elementary propositions containing two individuals

... etc.

both are elementary propositional functions containing one variable individual
both are elementary propositional functions containing one variable individual and
one constant individual

both are elementary propositional functions containing two variable individuals

.. etc.

both are elementary propositions containing one expression of the same type

.. etc.

both are elementary propositional functions containing one variable expression of
the same type

... etc.

both are propositions containing one bound variable individual

.. etc.

both are propositional functions containing one bound variable individual and one
free variable individual

.. etc.

13



e both are propositions containing one bound variable of the same type

e _ etc.

Primitive propositions — second step

*1.2 to *1.4 for non-elementary propositions

*9.12 What is implied by a true premise is true. (Rule of inference)
*9.13 What is true of any, however chosen, is true of all. (Rule of universal generalization)
*9.14 If an expression containing a variable is significant, than it is significant with a constant

in place of the variable if and only if they are of the same type. (Rule of types)
*9.15 There is a proposition containing a constant if and only if there is a propositional
function with a variable in place of the constant.
*10.1 F VX X = @y (Principle of deduction from the general to the particular)
*10.12 FVXx(pV@x)— (pVVYxex)

Deduced propositions — second step

*10.14 F (VX @x AVXUPX) = (py A Yy)

Proof:
*10.1 F VX @X = @y (1)
*¥10.1 [ex ==Yx] FVxUPx— Py (2)

*3.2 [p = VX @x = @y, q = VX Px - Py]
F (VX @x = @y) = (VX Px = dy)

= (VX @x = @y) A (Vx Px = gy))) (3)
(1), 3), %912 F (YxUx > Yy) > (VX @x = @y) A (VX x> Py)) (4)
(2),(4), *9.12 k(WX @x = @y) A (YX Ux > ) (5)

*3.47[p = VX @X, q = VXYX, r:=q@y,s = yy]

F((YX @x = @y) A (Yx Px = Uy))

= (VX @x A VX X)) = (@y AYy)) (6)
(5), (6), *9.12 F (VX @x AVXUPX) = (py A Yy)

or an abbreviated form of this proof:

*10.1 F VX @X = @y (1)

14



*10.1 [ex==Yx] FVXPXx—= Py
(1), (2), *3.2 F (VX @x = @y) A (VX Px = y)
(3), *3.47 F (VX X AVYXPX) = (py A gy)

*10.2 FVX(pVox) < (pVVYx@x)
Proof:
*10.1 F VX @X = @y
(1), *1.6 F(pVVxex)—(pVoy)
(2),*9.13  FVYy ((pVVXxeX)—>(pVoy))
(3),*1.01  FVY(~(pVVXex)V(pV ¢y))
(4),*10.12 F~(pVVXOX)VVy(pV @y)
(5),*1.01  F(pVVxex)—=>Vy(pVgy)
*10.12 FVX(pV@x)—=(pVVxe@x)
(6),(7),*3.2 F((pVVX@Xx)=>Vy (pVey))A(Vx(pV@x) = (pVVX@X))
(8), *4.01 FVX(pV@x) < (pVVXeXx)

We will use an abbreviated form of this proof:

*10.1 F VX @X = @y
(1), *1.6 F(pVVXex)=(pVey)
(2),*9.13 FVy ((pVVX@X) = (pVay))

(3),10.12, *1.01 F(pVVxex)—-Vy(pVaoy)
*10.12 FVXx(pV@x)—(pVVxpx)
(4), (5), *3.2,*4.01 FVX(pVex)e (pVVXeX)

*10.21 FVX(p—= @x) e (p—= VX@X)
Proof:
*10.2 FVX(~pV @x) & (~pV VX @Xx)
(1), *1.01 F VX (p—= @x) < (p = VX @X)

*10.22 F VX (@x APx) & (VX @x A VX PX)

Proof:

*10.1 F VX (X APx) = (@y A Yy)
*3.26 F..=> @y

(2), *9.13 F VY (VX (ex A PX) = @y)

15
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*10.21

(4), *4.01, *3.26
(3), (5), *9.12

by analogy, *3.27
(6), (7), *3.43
*10.14

(9), *9.13

*10.21

(11), *4.01, *3.26

(10), (12), *9.12

F VY (VX (@X A YX) = @y) < (VX (@X A YX) = Vy @y)
F VY (VX (@X A PX) = @y) = (VX (@x APX) = Vy @y)
FVX (XA PX) = Vy @y

FVX (X AYX) = Vy Yy

FVX (@x AYx) = (Vy @y AVy yy)

F(YX QX AVXYX) = (@y AYy)

F VY (VX X A VX PX) = (@y AYy))

F VY (VX X A VX PX) = (@y AYy))

< (VX x A VX PX) = Vy (9y AYy))

F VY (VX @x A VX PX) = (@y AYy))

= (VX @X A VX Px) = Vy (@y AYy))

F (VX @X A VX PX) = Vy (@y Ay)

(8), (13), *3.2, *4.01 F VX (@x APx) © (VX @X A VX PX)

We will use an abbreviated form of this proof:

*10.1

FVX (X A PX) = (@y Ay)

*3.26 F ... @y

(2), ¥9.13, *10.21  F VX (X APx) = Vy @y

by analogy, *3.27 F VX (@x A Yx) = Vy Py

(3), (4), *3.43 F VX (X APX) = (VY @y AVy y)
*10.14 F (VX @x A VX UPx) = (py A gry)
(6), *¥9.13, *10.21  F (VX @Xx A VX X)) = Vy (@y A Yry)
(5), (7), *3.2, *4.01 F VX (X APx) © (VX @X A VX PX)

*10.24 F @y — 3IX @Xx

Proof:

*10.1 F VX ~@X = ~@y
(1), *2.03  F @y = ~VX ~@X
(2), ¥10.01 F @y — Ix @x

*10.25 F VX @x = 33X @x

Proof:
*10.1 F VX @X = @y
*10.24 F...— 33X @x
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*10.251 F VX ~@X = ~VX @X
Proof:
*10.25 F VX @x = 3x X
(1), *10.01 F VX @X = ~VX ~@X
(2), *2.03  F VX ~@Xx = ~VX @Xx

*10.252 F ~3X @X & VX ~@X

Proof:

*2.08, *10.01 F ~3X X = ~~VX ~@X
*2.14 F ... = VX ~@Xx

*2.08, *10.01 F 3IX @X > ~VX ~@X
(3), *2.03 F VX ~@X = ~ 3IX @X

(2), (4), *3.2, *4.01 F ~3AX X = VX ~@X

or:
*4.13 F VX ~@X & ~~ VX ~@Xx
(1), *4.21 F ~~VX~@X © VX ~@X
(2), ¥10.01 F ~3Ix PX © VX ~@X

*10.253 F ~VX @X & IX ~@X

Proof:
*10.1 F VX @X = @y
*2.12 F o> ~~@y

(2), ¥9.13, *10.21 F VX @x = Vy ~~@y

(3), *2.16 F ~VX ~~@X = ~VX @X
(4), *10.01 F AX ~@Xx = ~VX @X
*10.1 F VX ~~@X = ~~@Qy

by analogy, *2.14  F ~V¥Xx (X = IX ~@X
(5), (7), *3.2, *4.01 F~VX X < IX ~@X
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*10.26 F (VX (px = Px) A @y) = Yy
Proof:
*10.1 F VX (X = Ux) = (9y = Yy) (1)
(1), *3.31 F (VX (px = Yx) A @y) = Py

*10.27 F VX (x = Px) = (VX @x = VX Px)

Proof:

*10.14 F (VX (@x = Px) A VX @X) = ((@y = Yy) A @y) (1)
*3.35 F..—=yy (2)
(2), ¥9.13, *10.21 F (Vx (px = Px) A VX ©X) = Vy Yy (3)
(3), *3.3 F VX (px = Px) = (VX @x = VX PX)

*10.271 F VX (px © Px) = (VX @px © ¥YX PX)

Proof:

*2.08, *4.01 F VX (px © Px) = VX ((px = Px) A (Ux = @x)) (1)
*10.22 F .. = (VX (@x = Ux) A VX (Px = @Xx)) (2)
*3.26 F .= VX (@px = Yx) (3)
*10.27 F ... (VX @x - VxUx) (4)
by analogy, *3.27 F VX (px < Px) = (VX Px = VX @X) (5)

(4), (5), *3.43, *4.01 F VX (px © Px) = (VX @x & VX PX)

*10.28 F VX (x = Px) = (Ix x = Ix Px)

Proof:

*10.1 F VX (@x = Px) = (y = Yy) (1)
*2.16 Fo.= (~Yy = ~@y) (2)
(2), *9.13, *10.21 F Vx (px = Yx) = Vy (~Py = ~q@y) (3)
*10.27 F..= (VX ~Xx = VX ~@X) (4)

*2.16, *10.01 F...=> (@xoex - 3IxPx)

*10.3 F (VX (@x = Px) A VX (Px = xx))= VX (X = xX)
Proof:
*10.22 F (VX (@x = Px) A VX (PX = xX))
© Vx ((@x = Ux) A (Ux = X)) (1)
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or:

*11.2

(1), *4.01, *3.26  F (Vx (@x = Px) A VX (Yx = xx))

= VX ((@x = Px) A (Ux = XX))
*3.33,*9.13 F VX (((x = Px) A (Ux = xx)) = (px = xx))
(3), *10.27 F VX ((px = Px) A (Px = xx)) = VX (px = XX)
(2), (4), *2.06 F (VX (@x = PUx) A VX (X = xx))— VX (X = xX)

*10.14 (VX (@x = Yx) A VX (Yx = xx)) = ((@y = Py) A (Py = xy))

*3.33 Fo..—=(py—xy)

(2), ¥9.13, *10.21  F (VX (x = PYx) A VX (Px = xx))—= VX (X = XX)

F VX VY Xy < Vy VX Xy
Proof:
*10.1 F VX Yy @xy = VY @zy
*10.1 F...—=@zw

(2), *9.13, *10.21 F VxVy @xy = Vz pzw

(3), ¥9.13, *10.21  F VX Vy xy = Yw Vz @zw
by analogy FVy VX @xy = VzZVw @zw
(4), (5), *3.2, *4.01 F VxVy @xy < Yy VX Xy

*11.26 F AX Vy @xy — Vy IX @xy

Proof:

*10.1 F VY Xy = @Xxz

(1), *9.13 F VX (Vy @Xxy = @©x2)
(2), *10.28 F 3IX Vy pxy — IX @xz

(3), *9.13, *10.21 F Ix Vy @xy — Vy IX pxy

*11.51 F 33X Vy @xy © ~Vx Iy ~@xy

Proof:

*10.253 F ~VYy pxy < 3y ~@xy

(1), *9.13 F VX (~VYy @xy < 3y ~@xy)
(2), *10.271 F VX ~Vy @xy © VX 3y ~@xy

19

(2)
(3)
(4)

(1)
(2)

(1)
(2)
(3)
(4)
(5)

(1)
(2)
(3)

(1)
(2)
(3)



(3), *4.11 F ~VX ~Vy @xy & ~Vx Iy ~@xy (4)
(4), *10.01 F3IX VY @xy & ~Vx 3y ~@xy

... etc.

Deductions with ¥*9.14 and *9.15

*10.14 F (VX @x A VX PX) = (py AUry)

Proof:

*10.1 F VX @X = @y (1)

*10.1 [ex==Yx] FVXxPx—= Py (2)

*9.14 (pa is a proposition (3)
@y and @y take arguments of the same type (4)

(4), *9.14 Pa is a proposition (5)

(3), (5), primitive ideas of negation, disjunction and general quantifier, *1.01, *3.01

(VX @x = @a) = ((Vx Ix = Ya) = (VX @x = @a) A (VX Px = (a)))

is a proposition (6)
(6), *9.15 (VX @x = @y) = ((VxIx = Py) = (VX @x = @y) A (VX Yx = Jy)))

is a propositional function (7)
(1),(2),(7), *3.2 (VX @x = @y) A (Yx Px = py) (8)
(8), *3.47 F (VX x AVXUPX) = (py A gry)

where (4) was a tacit presupposition.

... etc.

Primitive idea

Predicative® function (¢!x)

! Elementary propositional function of x
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Reducibility

*12.1 F 3 Vx (Px « @!x) (Axiom of reducibility)

Definition of identity

*13.01 X =y is an abbreviation for Vo (¢@!x = @ly)

Deduced propositions — identity

*13.1 Fx=y o Ve (pIx— @ly)

Proof:
*4.2 FV@ (@Ix = @ly) « Vo (o!x = oly)
(1), *13.01 F(x=y) oV (¢!x— @ly)

*13.101 Fx=y- (Yx-y)

Proof uses *12.1

*13.15 F x = x (Law of identity)

Proof:

*2.08 Folx— @lx

(1), *9.13 FVo (p!x— @!Xx)
(2), *13.1 FX=X

*13.16 FX=yeoy=X
*13.17 F(X=yAy=2z)->x=z
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